Introduction to Quantum Computation — Worksheet 1

Worksheet 1: Introduction to Quantum Circuits

Introduction to Quantum Computation

The gate toolkit. Three gates are enough for all of Part A. Qubits are numbered from 0.
e x(a) — flips qubit a unconditionally. (NOT)

e cx(a,b) — flips qubit b if and only if qubit a is 1. (controlled-NOT; leaves b — a @ b)

e ccx(a,b,c) — flips qubit ¢ if and only if both a and b are 1. (Toffoli; leaves ¢ — ¢ @ ab)

Write your answers as a list of gates in order, e.g. x(0), ccx(0,1,2), x(2), and sketch the circuit
if it helps. Inputs are always encoded in the lowest-numbered qubits, and any extra qubit starts
in |0).

Part A — Reversible logic with quantum gates

1. The Toffoli gate, and why AND needs three qubits.

(a) Write out the full truth table of ccx(0,1,2): all eight input triples (a,b,c) and the corre-
sponding outputs (a/, ¥, ).

(b) Every quantum gate is reversible: no two inputs may be sent to the same output. Confirm
from your table that the Toffoli is reversible, and show that applying it twice returns every
input unchanged.

(c¢) The classical AND gate takes two bits to one. Explain why no reversible gate can do this. This
s the reason for the convention used in Q2 and @4: the inputs stay where they are, and the
answer is written onto a fresh output qubit that starts in |0). Read off from your table what
the Toffoli leaves on qubit 2 when ¢ starts at 0, and hence which classical gate ccx(0,1,2)
performs. (Q3 is the exception, and asks you why.)

2. Two gates to design. For each, give the gate sequence acting on three qubits, with the
inputs a, b in qubits 0,1 and the output read from qubit 2.

(a) The NOR gate: output 1 only when both inputs are 0.

(b) The IMPLIES gate, a = b: output 0 only when a = 1 and b = 0, and output 1 in every other
case.

In each case state the Boolean identity you used (for instance, NOR(a, b) = aAb), then verify your
circuit against all four inputs.

3. XNOR, with one qubit fewer. @ The XNOR gate outputs 1 when its two inputs are equal.
(a) Give a circuit on two qubits only, with the output read from qubit 1.

(b) Explain why this gate needs no third qubit, when the two gates of Q2 did. What is it about
the map (a,b) — (a, a ® b) that the map (a,b) — a A b lacks?

4. A majority vote. The three-input MAJORITY gate outputs 1 when at least two of its
three inputs are 1. This is the gate at the heart of classical error correction: given three noisy
copies of a bit, it recovers the value most of them agree on.

(a) Show that the circuit ccx(0,1,3), ccx(1,2,3), ccx(0,2,3), with the output read from
qubit 3, computes MAJORITY. Hint: count how many of the three Toffolis fire when exactly
k of the inputs are 1, for k =0,1,2,3. Remember that flipping a qubit twice does nothing.

(b) Why does the argument depend only on the parity of the number of gates that fire?
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Part B — Hardware: connectivity and its cost

5. Fan-out on a real device. A real processor cannot apply cx between an arbitrary pair of
qubits: only certain pairs are physically connected. To reach any other pair, the compiler inserts
swap gates to move the information into place, and each swap costs three cx gates.

The five-qubit device Belem has the connected pairs
(0,1), (1,2), (1,3), (3,4).

We want to run a fan-out: one control qubit and three targets, i.e. the three gates cx(c,t1),
cx(c,t2), cx(c,t3). (Preceded by a Hadamard on the control, this is the circuit that creates a
four-qubit GHZ state.)

(a) Draw the connectivity as a graph — five dots, an edge for each connected pair — and write
down how many neighbours each qubit has.

(b) Find an assignment of the control and the three targets to physical qubits for which no swap
is needed at all. How many cx gates does the circuit then cost?

(c) Now suppose the control is placed on physical qubit 3 instead. Show that at least one swap
is unavoidable, and give the total cx count for the best arrangement you can find. Compare

with (b).

(d) Two short ones to think about. Could this device run a fan-out onto four targets without a
swap? And what is the best possible on a device whose five qubits are arranged in a straight
line, (0,1),(1,2),(2,3),(3,4)7

This is why a processor is never described by its qubit count alone.



