
Planar Code as a Topologically Ordered System

So far we have considered the planar code only as an
error correcting code

Now we will define a Hamiltonian for it, and start to think
of it as a condensed matter system

Then we can ask

What kind of order is present in the gs?

What about finite temperature?

What happens in the presence of local
perturbations?



Most straightforward Hamiltonian is one that energetically
penalizses anyons

The ground state space is the stabilizer space

Eigenstates are states of e and m anyons

These are 'quasiparticles' of the system, localized
excitations

Energy for    e's and      m's is

Note that this has no position dependence

Apart from hardcore repulsion, anyons do not interact
(though we could write down Hamiltonians where they do)



Topological Order

What kind of order is in the gs? FM? AFM? Spin glass?
Something else?

Turns out it has 'topological order'

This cannot be detected by a local order parameter (like
ferromagnetism)

Instead, to detect it we can use entropies

The area law for ground states of gapped systems of
interacting spins is:

Consider a region R

The entropy of this will take the form



Why does this law hold?

The entropy measures correlations between R and the rest

Because the system is gapped, correlations are short-
ranged. Only spins either side of the boundary are
correlated

This gives rise to the first term

For the next,     is the number of
disconnected boundary curves, and       does not depend
on

So the whole term depends only on the topology of

   is non-zero only for topologically ordered systems



Consider regions (can be different
sized)Clearly

Using

We find

    is the information    shares with      , but not    or     alone
It measures loop correlations



If we can find loop correlations for arbitrarily long loops,
the system is topological ordered

Is this true of the planar code ground state?

Lets consider a single plaquette

Clearly    is an equally weighted mixture of all
basis states            for which

This implies                         , so 

But there are no correlations between A and B or A and C

So single plaquettes have loop correlations at least!
But what about arbitrarily large loops?



On an annulus we can define a large
loop operator, which is a product of
      for all vertices it encloses:

Can also do one for       :

These are two independent loop
operators
gs is +1 eigenstate of both

Use        to denote the part of      in region A, etc

Note that the Shannon entropies of 0's and 1's around
and +'s and -'s around       satsify

Since the gs is a +1 eigenstate of both operators, each
must contribute at least one bit of information to          , but
not to

So the planar code has topological order!



Finite Temperature

This is for the gs, but does the TO survive at finite T?

Boltzmann dist. gives (unnormalized) probability
for each eigenstate of H with energy       at temp.

Normalization constant is the partition function

For a quantum system this takes the form

The quantum state with this distribution is known as the
Gibbs state

To determine whether the planar code has TO at T>0 we
calculate      using this state



To calculate this, note that the planar code H acts on each
vertex and plaquette independently

This allows us to factorize the partition function and Gibbs
state

Since these exponentials are a product of Paulis



Expressing the stabilizers as

The probabilities that the vertices and plaquettes hold
anyons is then

The thermal state has a random configuration of anyons,
occuring with these i.i.d. probabilities. 

Does the TO survive?



Consider the loop operator made out of all      with full or
partial support on region D

Has support on
Has eigenvalues +1 when there is an
even number of m's in          and -1 when
there is an odd number

This means

Same for     m e's and -'s

When parity of anyons becomes random, so does parity of
1's and -'s. Without a definite (or biased) parity

As such         , and so we lose TO at finite T














