Bits

Information theory treats all information as strings of
symbols

As humans we typically use letters, numbers and punctuation

Why?
We can quite easily remember ~100 symbols

It means that the kind of nhumbers and words we usually
deal with aren't too long

In IT, these symbols must be stored in different states of the
physical system used to build a device

The more symbols used, the more complicated the device.
Better to use only a few, even if it makes the numbers long

Because of this, IT usually uses binary. Two symbols: 0 and 1
z.B. 101, 11001, 1011001, 1001011100, 11111111011



Qubits
The quantum version of a bit is a 2D quantum system
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Mathematically (and sometimes physically) they are
identical to spin-1/2 particles

The difference:
Qubits are a more general concept
The methods used are inspired by information
theory



Basis states for single qubits
We've already met one orthonormal basis for a single qubit
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There are infinitely many more, but two others are
commonly used
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These can be represented as vectors

Usually we use the basis
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And for matrices
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Paulli Matrices

A matrix with eigenvalues /\\i and eigenstates |\.) can be
written in spectral form
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And a unitary matrix must have magnitude 1 eigenvalues
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Matrices that are both hermitian and unitary can therefore
only have eigenvalues )\ =

Qubit matrices of this form are nontrival if they have one
of each possible eigenvalues
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Such matrices are very useful in Ql

The most important ones are defined using the three
orthonormal bases
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These are the Pauli matrices

They are related to each other by
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They also have the property <,°= <,



Projectors
Projectors are operators for which each eigenvalue is O or 1

We say that it 'projects onto' eigenspace with eigenvalue 1

The projector acts as identity on that subspace and
annihilates all else
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The projectors can act on single states
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or higher dimensional subspaces (as above)

In any case, they square to themselves P =P => P=pP



Bloch Sphere

A qubit state is a vectorin (°
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But it Is also a ray: global phase is unphysical
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Unit vector in 1?’ is also specified by 2 real numbers
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We can think of qubit states as points on a sphere
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Density Matrices (Part 1)
Though we usually represent states as kets
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We can also do so with the projector
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These can be decomposed into Pauli operators

Q, = loxo) Xl ] = (‘o O‘\ O, = l4+X+) = 1-X~| = (o ! >

)] ©O

l\ qu,axm..mxm:(, _;>

y O

| O
O -

Q, = loxe) - 11Xt | = (

/Ov:‘zl

l
~ Z %(G}(> O«

-
S, + Ga,'l_uo;’-)@é + 2Re(@®b) 05 + 2 1m (Ob*b>0:j]

1



/O‘V ~ Zl‘ Z<67>(>6‘°<
&

The coefficients are the expectation value of the Pauli
operator observables
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They are also the Cartesian co-ordinates for the Bloch sphere



A corresponding Pauli decomposition is possible for n qubit
states
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Mixed States

We seen that, for a state |v) and observable O, the
expectation value can be written
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This can be used when we know the state of the system.

But what if we don't? What if we are given a qubit and told

it is in state[y;) with probability ¢.. How do we mathematically
describe such a state?
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Since the trace is linear, this can be expressed

O)=tr (O%:ﬂs@ )

So we can simply replace the set of projectors /{?B with
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This Is also a density matrix

As such, it can also be expressed in terms of Pauli operators
_
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This more general form of state is called a 'mixed state’

The projectors are called 'pure states'



Density Matrices (Part 2)

Note that we are not free to put just any numbers in for
the Pauli operator expectation values
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Some correspond to unphysical states, e.q.
(G5 )= 1000 or (O D=K0xD>O=<O; D=1

The conditions for a valid density matrix are

It Is Hermitian (probabilities are real)
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The first two conditions are straightforward, but what about
the last?

Consider the Oz expectation value
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If this or any other expectation value is >1 or <-1 it implies
that a probability will be negative . >

Note that these would correspond 19>
to points outside of the Bloch sphere
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So for a single qubit, the last condition can be interpreted as

- states cannot be outside of the Bloch sphere
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The latter can be expressed more succinctly
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Pure states are those for which the equality holds

Mixed states are the interior of the Bloch sphere



